The Generalized Langevin model representations of two second-moment closure models for the rapid pressure-strain term, proposed by Fu and Launder and by Jones and Musonge, are obtained. This representation makes it possible to use these models in PDF calculations of turbulent flows. The implications of three realizability constraints for the relationship between Langevin models and these second-moment closures are discussed. A Generalized Langevin model representation exists only if the rapid pressure-strain model satisfies realizability at the 2D turbulence limit. © 1996 American Institute of Physics. ͓S1070-6631͑96͒01807-7͔
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In this Letter this relationship is looked upon in detail for the rapid pressure-strain models of Fu and Launder 4 ͑FL͒ and of Jones and Musonge 5 ͑JM͒. Both models will be written in a general representation and the equivalent Langevin models will be presented. The FL model was developed from a general expression for the pressure-strain correlation which was reduced to a two parameter model by application of three realizability constraints. The JM model was developed specifically for variable density flows and may be useful for reacting flow simulations. This model satisfies the proper symmetry conditions but does not explicitly satisfy realizability. We want to make some remarks about the implications of the realizability constraints for the relationship between second-moment closures and Langevin models. This work can be seen as an additional remark to the work of Pope and the outline of this Letter will follow Pope 3 closely. It shows that non-linear second-moment closure models can be used in PDF calculations of turbulent flows.
Fu and Launder model the rapid-pressure strain term i j2 as a function of the mean velocity gradients and anisotropy tensor by
in which Ū denotes the mean velocity, k the turbulent kinetic energy, and the fourth-order tensor a lik j is a function of the anisotropy tensor only. The Reynolds stress tensor is denoted by u i u j . A general expression for a lik j , which contained up to cubic terms in the anisotropy tensor, was reduced to a two parameter model by application of three kinematic constraints which require that the model is redistributive only ͑a liki ϭ0͒, that it satisfies normalization (a likk ϭ u i u l /k) and that it is valid in the limit of two-dimensional turbulence in which ‫ץ‬p/‫ץ‬x is the mean pressure gradient, U is the instantaneous velocity, C 0 is a positive constant, W is an isotropic Wiener process and
in which ⑀ is the dissipation of turbulent kinetic energy and
͑4͒
The 15 coefficients ␣, ␤, ␥, and can be functions of scalar invariants of b i j and the strain tensor S i j . Terms in ␤, ␥, and multiplying ␦ i j or b i j and can be chosen arbitrarily because these can be expressed in ␣ 1 or ␣ 2 , respectively, or, the other way around, terms in ␣ 1 and ␣ 2 which contain scalar invariants of S i j can be expressed in ␤, ␥, and . Equating the modeled Reynolds stress equations, for both the conventional and the Lagrangian model, the modeled redistribution term i j yields
which includes both rapid and slow pressure-strain effects as well as effects of anisotropy of dissipation. Choosing ␤ 1 , ␥ 1 , ␥ 4 , and 1 , the eight remaining coefficients ␤, ␥, and are related to the coefficients A (3) through A (10) . This set of equations has a rank deficiency of one and obtains a one parameter solution if
A GLM representation of a second-moment closure exists only if Eq. ͑6͒ is satisfied. Apart from the fact that this condition on the second-moment closure follows from algebraic derivations it has a physical background which will be shown below. Equation ͑6͒ is satisfied by FL for all c 2 and c 2 Ј. The corresponding GLM coefficients ␤, ␥, and are given in Table III . Having solved for ␤, ␥, and the coefficients ␣ are determined by the relations to A (1) and A (2) and by the fact that the modeled redistribution term may not affect the level of turbulent kinetic energy.
Jones and Musonge model the pressure-strain correlation by
in which D i j ϭ Ϫu i u k ‫ץ‬Ū k /‫ץ‬x j Ϫ u j u k ‫ץ‬Ū k /‫ץ‬x i and P i j is the production tensor. The recommended values of the constants are c 2 ϭϪ0.44, c 3 ϭ0.46, and c 4 ϭϪ0.23. 6 The term in c 5 has no effect for constant density flows but may be important in flows with large density variations. In general representation the non-zero coefficients of this model read as
which yields A*ϭ3c 4 . This implies that an equivalent GLM of JM exists only if c 4 ϭ0. Expansion in tensor polynomials shows that c 4 multiplies T i j (3) which is a zero-th order term in the anisotropy tensor. The condition c 4 ϭ0 expresses that, in a GLM ͓Eq. ͑5͔͒, the zero-th and first order tensors T i j (3) and T i j (4) are not independent. Implications for realizability are discussed below. Choosing ␥ 5 ϭ0 the non-zero GLM coefficients are given by
Note that for variable density flows terms ␦ kl in Eq. ͑4͒ multiply ‫ץ‬Ū l /‫ץ‬x l which is non-zero. We now have a closer look at some implications of three realizability constraints, which were used to derive the FL model, on the relationship between second-moment closure models and Langevin models. Because the Langevin model predicts the velocity of a realization of a fluid particle the model always predicts realizable states of turbulence as long as the model coefficients remain finite. Therefore a Langevin equivalent of a second-moment closure can exist only if this model is realizable.
The constraint that the model is redistributive ͑a liki ϭ0͒ only or, in other words, the model may not affect the level of turbulent kinetic energy but may only redistribute the energy over the stress components, is always satisfied by a model which can be represented in the tensor polynomials T i j (n) . By construction the tensors T i j (n) have zero trace and the model is redistributive. The GLM always satisfies this constraint because the condition that the modeled redistribution term has zero trace is used to determine the coefficients ␣.
The constraint of normalization (a likk ϭ u i u l /k) is difficult to apply to a model in general representation because the relationship between the fourth-order tensor a lik j in Eq. ͑1͒ and the second-order tensors T i j (n) is not explicit. Concentrating on the rapid term, which is linear in mean velocity gradients, the relationship between the a lik j in Eq. ͑1͒ and H i jkl in Eq. ͑3͒ is given by 2k͑a lik j ϩa l jki ͒ϭH imkl u j u m ϩH jmkl u i u m , ͑10͒ I . Non-dimensional, symmetric tensors T i j (n) which are functions of the anisotropy, strain, and rotation tensors b i j , S i j , and W i j , respectively ͓see Pope ͑Ref. 3͔͒. 
in which terms in ␣ which contain scalar invariants of S i j are represented in H i jkl . There is no explicit relation between a lik j and H i jkl and the direct implications of this constraint on the GLM coefficients are unknown. The rapid pressure-strain term modeled by the GLM is given by the RHS of Eq. ͑10͒ multiplied by ‫ץ‬Ū k /‫ץ‬x l . It is easily seen that this model always satisfies realizability at the 2D turbulence limit ( ␣␣2 ϭ 0 for u ␣ u ␣ →0). Consequently, a representation of a conventional rapid pressure-strain model by a GLM exists only if this model is realizable at the 2D limit. Application of the constraint to an expression in general representation yields that S ␣␣ multiplies A* and realizability can be satisfied only if Eq. ͑6͒ is valid. The fact that this condition is necessary for the existence of a GLM representation of a second-moment closure has already been shown. In general JM does not satisfy realizability at the 2D turbulence limit for c 4 0. Usually the 2D limit is approached near walls only where S ␣␣ is zero and a non-zero value of A* will not violate realizability. Jones and Musonge 5 suggest to make c 4 a function of the anisotropy invariants such that it goes to zero at the 1D and 2D limits. The total redistribution term modeled by the GLM satisfies realizability in the sense that the 2D limit can never be reached. 7 At the 2D limit realizability is not satisfied because of the assumption of local isotropy at the smallest scales, which is modeled by the isotropic Wiener process, which will always disturb the 2D state of turbulence. This property of the GLM becomes clear mathematically by the fact that, in general, the coefficients ␣ become infinite for 2D turbulence. Dreeben and Pope 8 calculate near wall flows using a GLM in which they overcome this problem by modifying the constant C 0 .
The GLM as defined by Haworth and Pope 2 and which is extended here by adding quadratic terms in the anisotropy tensor, is able to represent the rapid pressure-strain correlation model of Fu and Launder. The Jones and Musonge model can be represented by a GLM only if the model parameter c 4 equals zero. Because the GLM prediction of the rapid pressure-strain term always satisfies realizability at the two dimensional turbulence limit the corresponding secondmoment closure has to satisfy this constraint also. JM satisfies this constraint for c 4 ϭ0 only. The total redistribution term which accounts for both rapid pressure-strain and ''return-to-isotropy'' effects, as predicted by the GLM, cannot satisfy realizability at the 2D limit because of the isotropy of the Wiener process. However realizability is satisfied in the sense that the 2D limit cannot be reached in a finite time. The realizability constraint of redistribution is needed as an extra condition to uniquely specify the GLM coefficients ␣. Most published second-moment closure models satisfy this constraint. The implications of the normalization constraint for the relationship between Langevin models and second-moment closures remains a topic for further research. 
